Returning to the situation in which 0393BD is a moduli space, in general 0393BD will not be compact, and the compactification is instrumented by adding moduli of the degenerations at the boundary. This leads one to consider (smooth) algebraic varieties X which contain 0393BD as a Zariski-open subset. We call such X locally symmetric.
Locally symmetric varieties, together with a divisor D (usually assumed to be normal crossings) such that X -D = 0393BD, still contain a lot of "symmetry", that is, structure determined by the group structure of Aut(D), and so we can think of a correspondence of pairs (X, D) and pairs (D,0393) , where now r = 1tl(X -D). Thus it is now quite conceivable that given an algebraic variety X, there exist 2 different divisors D 1 and D2 such that (X, D1) corresponds to (D1, 03931) and (X, D2 ) corresponds to (D2,03932) in the above sense, but D1 and D2 are not isomorphic, nor even of the same R-rank for that matter. This phenomena seemed worthy of study as soon as it occurred somewhere. For surfaces no such examples were, up to now, known.
Let X be the following modification (blow-up) of P3 (for notations and details see 2.5.1. below). Let D 1, ... , D4 be the 4 coordinate planes (regular tetrahedron), D5,..., D10 the 6 symmetry planes of this tetrahedron, and D11,..., D15 be the 5 exceptional p2,S gotten by blowing up p3 at the corners and the center of the tetrahedron. Finally let E 1, ... , E10 be the P1 x P1's gotten by blowing up along the 10 3-fold lines of the 10 planes (i.e. of the arrangement D = D1 ~ ··· U Dl 0' see 2.5). The proof and study of the following result is the object of this paper:
THEOREM. (i) (X, D) corresponds to (52, r(2» in (ii) (X, E) corresponds to (B3, 0393(1 -03C1)) in the above sense, B3 = complex There are several directions into which this result can be further investigated. On the group level, one can associate to the discrete group r a Tits building with scaffolding. Here we find that the corresponding Tits building with scaffoldings are dual to each other. It is not yet clear whether this is implied by the double structure as locally symmetric space or whether this is perhaps as additional coincidence of this particular example.
It is not difficult to determine the ring of modular forms of r(2), using theta constants (Igusa [I1] , [12] ). As for the ring corresponding to the group r(1 -p), the structure can be determined by utilizing results of Holzapfel [Hol] , together with results of Deligne-Mostow [DM] . Using in addition a result of Shimura [S] which characterises (X, E) as a moduli space of Picard curves, one can even describe the ring in terms of theta constants. Viewing things this way, the duality above turns into projective duality of varieties (the singular Baily-Borel embeddings) , and this duality is in fact classical (cf. [B] ).
It turns out that both (X, D) and (X, E) have moduli interpretations, and it is easthetically pleasing to see this duality in terms of degenerations. X -D -E parametrises on the one hand hyperelliptic curves y2 = p6(x), genus 2 curves, and on the other hand Picard curves y3 = p6 (x), genus 4 curves, the correspondence being given by the zeros of p6 (x) . But [V] for general results and to [LW] [LW] ): Ci n Ci is the 2-plane spanned by and the third curve Ck meeting 1.4. A desingularisation of X(2)* was constructed by Igusa in [13] by blowing up along the sheaf of ideals defining the boundary. In [V] van der Geer explains how to obtain the desingularisation directly by means of toroidal embeddings of X(2). The result is the same, and is as follows: there are 15 divisors D 1, ... , D 1 , each itself an algebraic fibre space Di ~ Ci, whose generic fibre is a Kummer curve = P1 ( = elliptic curve/involution) and whose 3 special fibres are degenerate conics in P2, consisting of 2 copies of P1 meeting at a point
The fibre space Di ~ Ci has 4 sections S 1, ... , S4 . Another way to view the D, is as P2 blown up in the 4 3-fold points of the line arrangement in P2:
The fibering Di ~ Ci is given by the pencil of conics passing through the 4 points, and the singular fibres are the 6 lines of the arrangement, 2 of them at a time forming a degenerate conic, and the sections Si are the exceptional P"s of the blow-up. Therefore on each D, one can blow down the 4 sections, the result being p2. The Di intersect 2 at a time along the singular fibres and 3 at a time at the double points of those fibres. This describes the structure of the normal crossings divisor D = 1 D,. For more details on the intersection behavior see 2.5. We denote the Igusa desingularisation by X(2)^.
1.5. We now describe another important set of divisors, the Humbert surfaces of discriminant 1. For each natural number A -0 or 1 mod(4) there is such a Humbert surface H0394 ([V] , §2), but we will only describe Hl here. The diagonal S1 x S1 ~ S2 has 10 inequivalent transforms under r(2), and the action of 0393(2) restricted to each copy is by ri(2)xri(2)cSl(2,Z)x SI(2, Z). (Here r 1 (N) denotes the principle congruence subgroup of level N and degree 1, i.e. in SL(2, Z).) Let E1,..., E10 be the images in X(2)* of these diagonals. Then each Ei = 03931(2)S*1 x 03931(2)BS*1 is a copy of P1 x P1. The Ej are disjoint, but intersect the Di in X(2)^ at the sections of each. Each E03BB intersects 6 Di, 3 in each direction:
1.6. To describe the incidences E03BB n Di =1= 0, we follow [LW, §2] . Let = E03BC, E03BB associated to A and E03BC associated to Ag, for g E Sp(2, Z/2Z).
Finite covers
We just state a result here which follows from Theorem 3.3.2. and the proof of Theorem 2.7.1, but whose statement belongs here. Let r(4) denote the principle congruence subgroup of level 4. This is a normal subgroup of r(2) and Pr(2)/Pr(4) = (Z/2Z)' (it is the projective groups that are acting effectively). This is the Galois group of the Fermat cover of degree 2 branched along the arrangement H (see 2.7. and [Hu] The jacobian of the action is (03A3ai4zi)-1 at z = (zi). When considering lattices r in U(3, 1) or SU(3, 1) we will, without mentioning it, take their images in PU(3, 1). However, as this is a potential source of confusion, we describe this in some detail. Since the result is quite different in dimensions 2 and 3 we describe both. Let r, r, r', ' be as in the introduction (Holzapfel's notation) and let a P in front of one of the groups denote the projectivised group. Let Z(G) Proof. Let Y(3, H) be the Fermat cover of degree 3 associated to the arrangement H (see [Hu] [DM] list in dimension 3. Later we will identify this differential equation with the Picard Fuchs equation of the periods of Picard curves, whose monodromy group is easily identified with r(l -03C1)^ = U(3,1;OK(1 -p)) (see §5- §6). The identification of this particular group is thus by means of the scheme: (Fermat cover) L ([DM]-#) 2 ~ (Picard curves) 3 ~ (monodromy group).
Step 1 was done in [Hu] .
Step 2 will be done in Sections 5-6, Step 3 in Section 6. The statements about Di and E03BB follow from [Hol] We remark that this discussion finishes, modulo the proof of 3.3.3. below, the proof of 1.7.1. above.
Modular forms
In this paragraph we prove the theorem stated in the introduction, utilising for the proof modular forms. First we recall the structure of R(r(2)), a result due to Igusa [I1] . We then deduce the structure of R(r (1 -p) ). It turns out that these rings are dual to each other, i.e. the projective varieties Proj(R(r(2))) and Proj(R(r(1 -p))) are dual. This implies they are birational, and our theorem follows.
Theta Constants
In this section we review the work of Igusa [Il] - [12] . For later use we will need theta constants of genus 2 and 4, so in this section we give definitions and results for any g. Let t E Sg, z E C9, and m = (m', m") E Q2g. [V, §5] . This is done by taking all thetas 03B84 m (03C4), and the map into P9, The image being onto the P4 which is cut out by the 5 linear relations. The equation for X(2)* is then ( [V], 5.2) In this description the action of Sp(2, Z/2Z) on X(2)* is the action on the characteristics 3.1.2b. It is known that each theta vanishes along exactly one of the Humbert surfaces, so we can identify this action with the action of 1:6 on H1 described in 1.6. This replaces the rather artificial action 3.1.2b by the much more natural one of 03A36 on (Z/2Z)' described in 1.6. This observation is due to van der Geer [V] and Lee and Weintraub [LW] . There is a unique cubic 3-fold S in P4 with 10 ordinary doublepoints. S is given most symmetrically by the following 2 equations in the homogenous variables xo, ... , xs on P5:
The double points are (1, 1, 1, -1, -1, -1) and its permutations under Y-6, which acts naturally on S by permuting coordinates. There are 15 p2,S lying on S:
The GIT-Quotient It was already mentioned above that the following was proved in [LW] , see also [KLW] : LEMMA 3.3.1. = 3 = GIT-quotient # 1 in [DM] . (9 denotes the (big) resolution of S).
From this and 2.7.1 it follows first that S = Y(l -p)* and from this that the coordinate ring of Y(l -p)* coincides with that of S, i.e.
An important additional bit of information we get from the argument of 2.7. is the following: The Di, being in the branch locus of the cover Y -p3, are pointwise fixed under the Galois group, hence subball quotients. (The only submanifolds in the universal cover B3 fixed under automorphisms are subballs.) This implies on the one hand the fact (that we already know) that the Di are modular subvarieties, and on the other implies that the divisors Di are the zero-loci of modular forms (since roots of their quotients give the field extension of the finite cover Y ~ 3 described in 2.5). Hence (3, D) corresponds to (S2, r(2)) (3, E) corresponds to (B3@ r(l -p)).
This follows from the above results as follows: we know X(2)* is the quartic described in 3.2, Y(l -p)* is the Scgre cubic, and classically (1880's !) it is known that these varieties are dual to each other. This implies they are birational, and Q1 and 62 have been explicitly described above. Q1 blows down the Di to P1,S, 62 blows down the Ej to ordinary double points.
Theta constants of degree 4
Assume for the moment we have a modular embedding (B3, i'(1 -p)) c thetas to 0393(1 -03C1)BB3 yields Picard modular forms. This is the idea behind Feustel's proof (in dimension 2) of THEOREM 3.4.1 [F, II] 
Modular Scaffoldings
We consider a fixed locally symmetric space (X, A) = (D, r) (we recall that this notational convenience explained in the introduction means X -A = 0393BD), and modular subvarieties (Di, A n Di) = (Di, r) for i E Index set. (ii) Each intersection (Di n Dj, A n (Di n Dj)) = (Dij, rij) is a modular embedding in both (Di, Fi) and (Dj, 0393j). (iii) ~03BBi,03BCj~Q CI (X) = lÂiDi + 03A303BCj0394j, 0394 = 03A30394j. Now it is an easy matter to see that the modular subvarieties discussed in 1.5 and 2.5 form modular scaffoldings of X(2) and Y(1 -p), respectively. The necessary Chern class calculations can be found in [V, §3] There is (at least) yet another moduli interpretation of p3, described in detail in [GHv] Totally degenerate curves are also parameterised by the (xi) ~ 3. The generic curve is as follows:
In the following we describe the 6-pointed trees corresponding to the loci Di and FA as above:
